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DEFORMATIONS OF SEMISIMPLE POISSON PENCILS OF 
HYDRODYNAMIC TYPE ARE UNOBSTRUCTED 

GUIDO CARLET, HESSEL POSTHUMA, AND SERGEY SHADRIN 

Abstract. We prove that the bihamiltonian cohomology of a semisim¬ 
ple pencil of Poisson brackets of hydrodynamic type vanishes for almost 
all degrees. This implies the existence of a full dispersive deformation 
of a semisimple bihamiltonian structure of hydrodynamic type starting 
from any infinitesimal deformation. 
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1. Introduction 

1.1. Basic setup from the theory of integrable hierarchies. Consider 
a system of evolutionary PDEs with one spatial variable x and n dependent 
variables of the form 

— = A]{u)ui + e + C]kuiu^ + 0{e^). 

(Here, and in the following we use the summation convention.) The right 
hand side of this equation is represented as a formal power series in e, where 
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the coefficient of is a homogeneous differential polynomial, i.e. an homo¬ 
geneous polynomial in := i = 1,..., n, d = 1,..., A:, deg = d, of 
degree A:-|-l whose coefficients are smooth functions of coordinates ... ,u"' 
on some domain U C M”. We can think of the u*(x) as (e-power series of) 
smooth functions of a; € or Schwarzian functions of x G M. 

On of the possible ways to define and study an integrable hierarchy of par¬ 
tial differential equations of this type uses so-called bihamiltonian structures 
with hydrodynamic limit. 

A bihamiltonian structure with hydrodynamic limit is given by: a pencil 
of two compatible Poisson structures on the space of local functionals of the 
form 

{u\x),u\y)}a = {u)d^ + 6{x - y) + 0{€), a = 1,2 

where the leading order is given by two Poisson brackets of hydrodynamic 
type, and the terms of higher order in e are homogeneous differential oper¬ 
ators acting on 6{x — y), and their coefficients are homogeneous differential 
polynomials in the dependent variables ..., u”; a system of Hamiltonians 
of the form 

Ha[u] = j dx ■ {ha{u) + 0{e)), a = 1,2 

with higher order terms in e given by homogeneous differential polynomials 
in u^,..., u”. 

The evolutionary PDE above can be written as an Hamiltonian flow w.r.t. 
both Poisson structures 

du^ 

— = {u\x),Ha}a 

for o = 1, 2. 

The natural equivalence relation on these systems, and in particular on 
the pencils of Poisson structures with hydrodynamic limit, is given by the 
so-called Miura transformations, which are transformations of the dependent 
variables of the form 

u® i-A-u*(u)-I-0(e), (1) 

where higher order terms in e are homogeneous differential polynomials in 
v},... ,vP', and the leading term is a diffeomorphism. 

In this context, an important problem is to classify the pencils of Poisson 
structures with hydrodynamic limit, up to the equivalence given by Miura 
transformations. In the scalar (n = 1) case a complete solution of this 
classification problem has been obtained, see [laiiniiiiiiasiE]- 

In the general n > 0 case (see [3 El El El [n]) it is convenient to make the 
assumption that the pencil of Poisson brackets of hydrodynamic type that 
we are considering is semisimple. A Poisson pencil of hydrodynamic type 

(da 5{x -y), a = 1,2 

is semisimple if the polynomial det — Xg 2 ^ of degree n in A has n pair¬ 
wise distinct non-constant roots on [/ C M®®. In such case [6] one can use the 
roots as a set of coordinates on U, called canonical coordinates. This choice 
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ensures that both metrics g ''^2 diagonal with diagonal entries respectively 
equal to P{u), u^P{u), i = 1,... ,n for non-vanishing functions f^{u) on U. 

In this paper we shall consider the deformation problem of semisimple 
Poisson pencils of hydrodynamic type by working in canonical coordinates. 
The change of coordinates to canonical ones is an example of a Miura trans¬ 
formation of the first kind, i.e., a diffeomorphism with the terms 0(e) in ([1]) 
equal to zero. By fixing these coordinates, we are therefore left with the 
problem of classifying Poisson Pencils up to Miura transformations of the 
second kind, that is, transformations of the dependent coordinates as in ([T]), 
with the zeroth order constant in e equal to the identity. Since Miura trans¬ 
formations of the hrst and second kind obviously generate the whole Miura 
group, this classihcation problem is equivalent to the original one described 
above. Let us now give a precise formulation of this deformation problem 
in canonical coordinates. 

1.2. Classification of Poisson pencils and the extension problem. 

Let {,}° = {, }2 “ be a semisimple Poisson pencil of hydrodynamic 

type m, and let P,... ,u^ be the associated canonical coordinates over a 
domain U C M” where p 0 for i p j. The two compatible Poisson 

brackets {, }i 2 of form 

{m*(x),u^(i/)}° = gP{u{x))6px -y) + PlPu{x))u^{x)6{x - y), 

with a = 1,2, i, j = 1,... n, where the contravariant metrics are given by 

di = 92 ~ PP^ij (110 summation over i) 

and P^^^ = —ffa a’ a Christoffel symbols of the metric 

ga, and f^{u),, f^{u) are non-vanishing functions on U. 

A deformation of {, }^ is given by a pencil 

{,}a = {,}2-A{,}i 

where {, }a, a = 1,2 are compatible Poisson brackets of the form 

k+l 

^ - y) (2) 

fc>0 1=0 

with € A and degA^^^.^ = k — I + 1. Here A denotes the space of 

differential polynomials inp,... ,u'^, i.e. formal power series in the variables 
n*’®, i = l,...,n, s > 0, with coefficients that are smooth functions of 
P,..., u"'. The degree is defined by setting degu*’® = s. 

Two deformations are equivalent if they are related by a Miura trans¬ 
formation (of the second kind [H]), i.e. by a change of variables of the 
form 

P 1 -^ P = P + ^ i = 1,..., n 

fc>o 

with £ A and deg Fl = k. 

An infinitesimal deformation {, of {, is given by a pair of compatible 
Poisson brackets of the form ([21) where terms of 0{e^) are disregarded. This 
means that in the expansion dJ]) above, we only consider the the coefficients 
Kl;ai u{x)) for k up to 2, so that the highest derivative <5^^^ (x—y). appearing 
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is 3. Two infinitesimal deformations are equivalent iff they are related by a 
Miura transformation up to O(e^). The following theorem, which classihes 
the deformations of {, }°, was proved in HI El- 


Theorem 1. Two deformations of {, are equivalent if and only if the cor¬ 
responding infinitesimal deformations are equivalent. Given an infinitesimal 
deformation o/{,}^, the functions, called central invariants, defined by 


Ci{u) 


1 

3(/*(u))2 



'id 4 ** 

^ ^ 2 , 3;1 


+ E 


f^{u){u^ — u'-) j 


for i = 1,... ,n, only depend on the single variable u* are invariant under 
Miura transformations. Two infinitesimal deformations o/{,}^ are equiva¬ 
lent if and only if they have the same central invariants. 


The main problem in the deformation theory of a semisimple Poisson 
pencil {, }^ is the problem of extension [12] , Making a choice of central 
invariants ci(tt^),..., Cn{u^) fixes an equivalence class of infinitesimal defor¬ 
mations of but the question is whether there exists a full deformation 
{, }x that extends an infinitesimal one to all orders in e. The main result of 
this paper is the affirmative answer to this question. 

Theorem 2. Let {, be an infinitesimal deformation of a semisimple 
Poisson pencil of hydrodynamic type {,}°. Then there exists a deformation 
{, }a that extends {, to all orders in e. 

1.3. Methods of proof and organization of the paper. The problem 
of the description of automorphisms, infinitesimal deformations, and ob¬ 
structions to the extension of infinitesimal deformations for any algebraic 
structure can be formulated in terms of some cohomology groups associated 
to it. In our case, in order to prove that the deformation of a semisimple 
pencil of Poisson brackets is not obstructed we have to show that certain 
cohomology groups, called bihamiltonian cohomology, are equal to zero. 

There is no straightforward way to compute these cohomology groups. 
However, Liu and Zhang have shown that the vanishing of these cohomology 
groups follows from the vanishing of the cohomology of the auxiliary complex 
(.A[A], Ha)) defined below, in certain degrees. It is a difficult task to compute 
the full cohomology of this complex, however we are able to show vanishing 
of such cohomology in the required degrees using a clever choice of filtrations 
and the structure of the associated spectral sequences. 

The paper is organized as follows. In Section [2] we recall the definition of 
the auxiliary complex and explain its relation to the problems of deformation 
of pencils of Poisson structures. In particular, we formulate a statement 
about the complex (AI[A],Ha) that implies Theorem [2j In Section [3] we 
introduce a series of filtrations on the complex (>i[A],HA) that allows us to 
prove the key statement about its cohomology. 


1.4. Conventions. Throughout the paper we use the summation conven¬ 
tion in the sense that repeated (upper- and lower-)indices should be summed 
over. However, there are a few exceptions when the metrics g^ = Pdij and 




DEFORMATIONS OF SEMISIMPLE POISSON PENCILS 


5 


02 = u^P5ij, or the tensors derived from them are involved. Such equa¬ 
tions always involve the functions /*. To determine which indices are to be 
summed over, it suffices to consider the other side of the equation and the 
indices that appear in there. 


2. Theta formalism, polyvector fields and cohomology 


The deformation theory of a pencil of Poisson brackets is controlled by the 
so-called bihamiltonian cohomology defined on the space of local polyvector 
fields. In order to show the vanishing of such bihamiltonian cohomology in 
certain degrees, from which Theorem [2] follows, we consider the cohomology 
of a related complex (^[A],Da)) introduced by Liu and Zhang [12]. This 
approach has a double advantage: first, we can work in the space A, where 
the identifications imposed by integration are not imposed, making compu¬ 
tations simpler; second, we can compute the cohomology on the space aI[A] 
of polynomials in A, rather than the bihamiltonian cohomology on A, and 
this allows us to use directly the methods of spectral sequences associated 
with filtrations. 

In this Section we review some basic dehnitions, mainly from |12j . state 
our main theorem and derive its most important consequences. 


2.1. Basic definitions. Consider the supercommutative associative alge¬ 
bra A defined as 


A = c^{u)[[u^’\u^’^,...-,0lelel...]], 


where i = l,...,n, s = 1,2,... are formal even variables and 9f, 
i = l,...,n, s = 0,1,2,... are odd variables. An element in C°°{U) is 
represented by a function of the coordinates tt*, i = 1,... , n on the domain 
U C M”. We define the standard gradation on A by assigning the degrees 

degu*’* = deg0f = s, s = 1,2,... 

and degree zero to both 9i = 9^ and the elements in C°°{U). The standard 
degree d homogeneous component of A is denoted Ad- Notice that Ad coin¬ 
cides with the standard degree d homogeneous component of the polynomial 
algebra C°°{U)[u^’^, ..., 9^,..., 9f]. The super gradation is defined by 

assigning degree one to 91 for s ^ 0 and degree zero to the remaining gen¬ 
erators of A. The super degree p homogeneous component is denoted A^. 
We also denote 

= id n AP. 

The standard derivation on A, 



is compatible with the standard and super gradations, in particular it in¬ 
creases the standard degree by one and leaves invariant the super degree. 
Thanks to the homogeneity of d, the space ^ still possesses two gra¬ 
dations, which we keep denoting with indices p and d. The elements of 
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are called local p-vectors and the projection map is denoted by an integral 




The space J- can be endowed with the Schouten-Nijenhuis bracket 

[,] : P X ^ , 


which satisfies the usual graded skew-symmetry and graded Jacobi identities, 
see mm for more details. 

A Poisson bivector P is an element of P^ that satisfies [P, P] = 0. If P is 
a Poisson bivector, its adjoint action dp = [P, •] on P by the graded Jacobi 
identity squares to zero, hence defines a differential complex {P,dp). Given 
a Poisson bivector P, the super derivation Dp on ^ is defined by 


Op = E (» 

c>n ^ 



\SD J dOf ) ’ 


where the variational derivatives on A w.r.t. n* and Oi are defined as follows 


^ = y (-5)^ 


d 


s=0 


du^ 


A = V(-5r— . 
sOi ^ dot 

s=0 ^ 


The super derivation Dp squares to zero, and is such that the integral defines 
a map of differential complexes 


: {A, Dp) -P {P,dp)- 


As pointed out in [12] this allows us to work with the complex (A, Dp) 
rather than with the more complicated {P,dp)- 

A Poisson pencil is given by two Poisson bivectors Pi, P 2 which are com¬ 
patible, i.e. [Pi,P 2 ] = 0. For each A, then, P\ := P 2 — APi is also a Poisson 
bivector. We denote by di and ^2 the differentials on P corresponding to Pi 
and P 2 , respectively. Due to compatibility, d\ := d2 — Adi squares to zero. 
We denote by Pi and P 2 the super derivations on A associated to Pi and P 2 , 
respectively. Their compatibility in this case implies that Dx := P 2 — APi 
also squares to zero. In summary we can define two differential complexes 
associated to a Poisson pencil 

iA[X\,Dx), {P[X],dx). 


Remark 3. The Poisson brackets {, }i ,2 introduced in ([2|) are elements of 
the space A^^^ of local bivectors written in J-formalism, see [7|. There is a 
one to one correspondence between the space of local p-vectors written 
in J-formalism and the space P^. We will not recall it here in general but 
rather refer the reader to [12]. For the case of a bivector, written as 

{u\x)y{y)} = Y,Bp^^\x-y), 

s^O 


with Ps* G A, the corresponding element in P‘^ is 



s^O 
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2.2. The complex (^[A],Da)- Let us fix a semisimple Poisson pencil of 
hydrodynamic type {, = {, }2 “ }?) denote by v },..., u” the asso¬ 

ciated canonical coordinates on 17 C M”, see SEZl The compatible Poisson 
brackets {, }? 2 are represented in Pf by two bivectors 


Pa = 


5 / . a = 1,2. 


In canonical coordinates the Christoffel symbol of = pSij is 

1 


- 2 


dkf%j + j^diPPk - jd.fPik 


and Pi is given by 


Pi = - 


f%el + 


We denote by Pi = P(/^,..., /”■) the super derivation on A corresponding 
to Pi. A straightforward computation gives us the following formula 


( 3 ) 


s^O 








■Af 




d 


du'- 


s^O 


+w«' (+AAPi - I’popi ) -w. 


,Sif 


fi " fi ^ * 


89^ 


+ lEpPAfP"'''’'’’ - ijAfP'A 


s^O 


8 

89 f 


Notice that D is an homogeneous operator of standard degree one, there¬ 
fore it is well-defined on 7l[A], because each homogeneous component .Ad[A] 
the infinite sums appearing in ([3]) have only a finite number of non-vanishing 
terms. 

The super derivation corresponding to P 2 is then given by 
P 2 :=D{Af\...,u^n. 

Our aim is to compute the cohomology of the complex (^[A], Pa) with Pa = 
P 2 — APi, and Pi, P 2 given above. 


2.3. The main theorem. In Section 3 we prove the following vanishing 
theorem for the cohomology of the complex (71[A],Pa). 

Theorem 4. The cohomology P^(aI[A], Pa) vanishes for all bi-degrees (p, d), 
unless 

d = 0,... ,n, p = d,... ,d + n, 


or 


d = nl,n2, p = d,... ,dn — 1. 
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Remark 5. For n = 1 the bi-degrees for which we cannot state vanishing 
according to Theorem 0] are 

{p,d) = (0,0), (1,0), (1,1), (2,1), (2, 2), (3, 3). 

In [5] (and in [1] for the KdV case) we compute by a different method the 
cohomology H^{A[X\^Dx) for all bi-degrees, proving in particular that it 
vanishes also for 

(p,d) = (1,0), (1,1), (2,2). 

This shows that the vanishing theorem above can be strengthened. Our re¬ 
sult is enough, however, to prove the absence of obstructions to deformations 
of bihamiltonian structures, which is our main aim. 


Remark 6. In the proof of Theorem 0] we will distinguish two sets of indexes 
for which we do not prove vanishing: 

(i = 0, ...,n, p = d,..., d-|-n (Case 1), 


and 

d = 2,...,n-|-2, p = (i, ...,(i-|-n — 1 (Case 2), 
which clearly overlap for re ^ 2. We distinguish the two cases since they 
have different sources in the complex. 


2.4. Vanishing of bihamiltonian cohomology. By the following lemma 
of Liu and Zhang [12], the bihamiltonian cohomology of J- is isomorphic 
to the cohomology of the complejfl (.T[A],dA) iu almost all degrees {p,d)- 
Let ( 0 , 81 , 82 ) be either the double complex (A, Di, D 2 ) or (F,di,d 2 )- The 
bihamiltonian cohomology of the double complex ( 0 , 81 , 82 ) is defined by 


BH(0,8i,82) 


Ker 81 n Ker 82 
Im(9i(92 


Lemma 7. The natural embedding of O in (^[A] induces an isomorphism 


BHPAO, 8 ,, 82 )^HPAO[X], 8 x) 


for p ^ 0, d^ 2. 


As pointed out in [T2|, the short exact sequence of complexes 
0 —)■ (.A[A]/M[A], Ha) —>■ (.A[A],Ha) —)• (.F[A],dA) 0 

implies a long exact sequence in cohomology, which includes 
■ ■ ■ ^ iL^(.A[A]) H)^(F[X]) H)^'^^(A[X]) -> • • • 

for p,d^ 0. It is clear that if both (A[A], Dx) and (•^[■^] > Dx) vanish, 
then H^(F[X], dx) vanishes too. Our vanishing result for H^(A[X]) translates 
to the following statement for the cohomology of the complex (H[A], dx)- 

Corollary 8. The cohomology H^(F[X],dx) vanishes for all bi-degrees (p, d), 
unless 

d = 0,...,n, p = d — 1,... ,d + n, 

d = n + l,n + 2, p = d — 1,... ,dn — 1. 
similar description in terms of a bicomplex was given in [3]. 


or 
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Using the isomorphism of Lemma [7] we obtain the vanishing of the bi- 
hamiltonian cohomology of T. 

Corollary 9. The bihamiltonian cohomology vanishes for 

all bi-degrees {p, d) with d ^ 2, unless 

d = 2,...,n, p = d — 1,... ,d + n, 


or 


d = n + l,n + 2, p = d — 1,... ,dn — 1. 


Remark 10. Notice that in particular it follows that 

BHl^{f,di,d2) = 0 , BHl^{f',di,d2) = 0 . 

The vanishing of the second cohomology for d ^ 4 has been already proved 
in HIE], together with the results 

n 

BHl{P,dud2) = 0, BHl{f,dud2) = 0C'^(M). 

i=l 

The vanishing of the third cohomology for d ^ 5 is new, and is the most 
relevant for the extension problem of deformation theory. 


2.5. Bihamiltonian cohomology and deformations. The deformation 
problem can be formulated in B as follows. Let P\=P 2 ~ ^P? ^ -m [-^] be 
a semisimple Poisson pencil of hydrodynamic type. A deformation of P^ is 
given by Px = P 2 — APi G with Px — P^ € P ^2 [Pa, -Pa] = 0. An 

infinitesimal deformation of P^ is given by 


py = PA° + pi+p 


' jd —1 


A ? 


= P^-^ - AP 


d-i 


£ -tllA] 


such that 




<21 




[A]. 


A deformation Px of P^ extends a infinitesimal deformation P^^ if Px — 
Pf G P|4[A]. 

The extension problem can be stated as follows: given an infinitesimal 
deformation P^^ of P^, there exists a deformation Px extending P^^ ? 

As pointed out in [T2| the fact that the second bihamiltonian cohomology 
groups BHj{P,di,d 2 ) vanish for d ^ 4 and d = 2 but not for d = 3, im¬ 
plies that the vanishing of BH^q{P, di, d 2 ) guarantees that any infinitesimal 
deformation P^^ can be extended to a full deformation Px- 

This result, expressed in the d-formulation of local bivectors, is Theorem[2j 
To see that the vanishing of PP>g(P) implies that the deformations are 
unobstructed, consider that any infinitesimal deformation can be put in the 
form 

PP = ^ pO p p2 


Clearly P 2 is in the kernel of 


1 — 1, -"2 

by an appropriate Miura transformation, 1 2 

both di and d 2 , hence identifies an element of BH^{P). Let us look for a 
deformation of the form 


Pi =P 


1 , 


P2 = P^ + P| + Pi + P| + 


(4) 
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Let US first show that exist a term P 2 such that 

diPi = o, d2Pi + ^[PiPi] = o. (5) 

Clearly [Pi,Pi] € Pq is in Kerdi fl Kerd 2 , hence the vanishing of BHq{P) 
implies that 

did2Qi = l[PlPi] 

for some Qi G Then P 2 = diQi gives a solution of Q- 

At the next step of the deformation we want to find P® such that 

diP| = 0 , d 2 Pl + [P|, Pi] = 0 . (6) 

As before [P^, P|] G P| is in Ker di PlKer d 2 , hence the vanishing of BH^{P) 
implies that there is an element Q 2 G Pg s.t. did 2 Q 2 = Then 

setting P® = <^1132 gives us the required solution of ([6|). 

Since the vanishing of PP^g(P) ensures that this procedure can be con¬ 
tinued indefinitely, as proved by induction in the existence of a full 

■^2 

deformation extending the infinitesimal deformation P^ indeed follows. 

Notice that this in particular implies that any deformation can be put in 
the form ((H), i.e., with the first Poisson tensor undeformed and the second 
one having only odd standard degree terms. This fact was also proved 
independently of the vanishing of the third bihamiltonian cohomology in [B]. 

3. FiLTRATIONS and spectral SEQUENCES 

In this Section we give a proof of Theorem [H It is a rather technical 
argument: basically, we introduce a sequence of filtrations and study the as¬ 
sociated spectral sequences in order to show the vanishing of the cohomology 
in some degrees. 

3.1. Strategy of the proof of Theorem 14]. Before we start with the 
technical details, let us make some general remarks about the strategy of the 
proof. The theorem states that the cohomology of the complex (^[A],Pa) 
vanishes in certain degrees {p,d). We prove this vanishing by introducing 
several spectral sequences associated to certain filtrations. 

Central to this derivation is the following simple principle: suppose we 
have a cochain complex (C, d) with a bounded decreasing filtration 

... C PP+^C C PPC C ... 

The associated spectral sequence is bounded and converges to 
EP>i = HP+’^{FPC/FP+^C,do) HP+‘^{C,d), 

where do is the induced differential on the zeroth page, i.e. the associated 
graded complex. Suppose now that P[P{Ek,dk) = 0 for some A: ^ 0. Since 
all higher pages are iterated subquotients of Ek, we see that in this case 
HP{C,d) = 0. 

In the proof we will apply this principle inductively: we introduce a filtra¬ 
tion on the complex (Al[A], Dx) which induces a spectral sequence. To show 
the vanishing of the cohomology of the first page Pi, we introduce another 
filtration on this page, which induces a spectral sequence converging to the 
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second page E 2 of the previous spectral sequence. In this way, we apply in 
total a sequence of three filtrations. For the convenience of the reader, we 
list them below: 

1. The first filtration is associated with the degree of monomials in 
^[A] in the variables s ^ 1, i.e. we assign degree 1 to each 

s ^ 1. The differential on the zeroth page of the associated spectral 
sequence is the part of Dx that preserves this degree, whereas on the 
first page it is the part that decreases it by 1. 

2. On the first page of the spectral sequence above, we consider the 
filtration given by the degree in Oj, for all i = l,...,n, i.e., this 
time deg(0l) = 1, z = 1,... ,re. On the zeroth page, the differential 
is given by the part of the differential in 1 (at the hrst page) that 
increases the number of 9j by 1. 

3. The complex on the zeroth page in 2 splits as direct sum of complexes 
Ci, i = 1,... ,n. To compute the cohomology of the subcomplex Cj, 
we filter by the degree of monomials in 0l, where this time i is 
fixed. On the zeroth page of the spectral sequence we finally find a 
complex of which we can prove the vanishing of the cohomology in 
the relevant degrees. 

Having obtained the vanishing of the cohomology in 3, we apply the principle 
stated above to argue that the first page of the spectral sequence in 2 vanishes 
in certain degree. The same argument gives the vanishing of the second 
page of the spectral sequence in 1, which in turn proves the vanishing of 
the cohomology of the original complex (^[A],T)a) in certain degrees, i.e. 
Theorem 01 

3.2. Grading and subcomplexes. Since 9f are odd variables, we have 
a restriction on possible gradings p and d on the space A . Indeed, the 
minimal possible standard degree d of a monomial in 9f of super degree 
p = nq + r, r < n is the degree of 0° • • • 0° • • ■ 9f~^ ■ ■ ■ 9n~^9f^ ''' ®hual 
to n(0 + • • • + (g — 1)) + rg = nq{q — l)/2 + rq. So, the finitely generated 
C'°°(t/)-module A^ is zero for 

d < nq{q - l)/2 + rq. (7) 

Moreover, the operators Di and D 2 (and, correspondingly, di and ^ 2 ) are of 
bi-degree {p,d) equal to (1,1). Therefore, the difference p — d is preserved 
by both operators, and this means that the space A can be seen as the 
completion of an inhnite direct sum of subcomplexes indexed by difference 
d — p = —n, —n -|- 1,.... The inequality © implies that each of these 
subcomplexes is finite, and consequently we can compute the cohomology 
of each of them separately. For this general reason all the filtrations and 
spectral sequences introduced below will be bounded, and consequently the 
spectral sequences will converge in a finite number steps. 

3.3. The first filtration. Let us define a degree deg„ on Al[A] by assigning 
degree one to with s ^ 1 and degree zero to the remaining generators. 
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The differential D\ splits in homogeneous components A^. with respect 
to the degree deg„, i.e., 

D\ = A_i + Aq + ..., 

where deg„ A^ = k. 

One can easily check from Q that the only term that lowers the degree 
deg„ is 




d 


S>1 


du^’- 


The terms in Q that preserve the degree deg^ are: 
A„ = (-A + «‘)/-9iA 


s=a-\-b 

s,a^l;b^0 


s=a-\-b 

s,a.^l;6^0 


fL,i,a.a^+b 9 


+ 


(—A+ u" 


s=a-\-b 

s^l;a,6^0 




s=a-\-b 

s^l;a.,6^0 




d 

* duk' 


s=a-\-b 

s^l;a,6^0 


9 '' '\h r fJ 1 rtuhs 9 


d 


p 


' du^ 


s=a-\-b 

s^l;a,6^0 


Z->' \b J ^ du^’^ 2 Z-,' 


s=a-\-b 
s^l]a,b^0 


s=a-\-b 

s,a,6^0 




s=a+b 

s^l;a,6^0 


bP 


PfPX+agb_P. 


9u* 


' 2 

* 5=aH-6 

s,a,6^0 


rtnan^-\-b 

fDA 


d 


s=a-\-b 
5 ,a, 6^0 




d 


1 


E (-A+rf) , p 


s=aH-6 
5 ,a, 6^0 


,y/\ 

/ 


dOf 

d 


s=a-\-b 

s,a,6^0 


1 


iQQiQl+fe ^ _ _ \ ' 

* ^ 2 ^ 

^ s=aH-6 

5,a,6^0 


rof9, 


a 


* * 89, 


Suppose we introduce a filtration of AI[A] related to the degree deg^. The 
usual decreasing filtration associated with deg„ is defined as follows: let 
T’'^[A] be the subspace of ^[A] of elements with homogenous components 
of deg„ greater of or equal to r. This filtration however is not preserved by 
D\, because of the presence of the term of negative degree A_i. 

Let us instead consider the decreasing filtration F^[A] of Al[A] associated 
with the degree deg^ + degg. Let F^Al[A] be given by the elements in AI[A] 
with homogeneous components in deg„ + degg of degree ^ r. We get 
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Since deg^Dx = 1, the differential Dx preserves this filtration. Notice that 
this filtration, when restricted to each subcomplex .A^[A] with fixed difference 
d — p, is bounded. 

Let us now consider the spectral sequence associated with the hltration 
F^[A]. Since such filtration comes from a grading, the zeroth page is given 
by 

Eo = = 0FP>+''[A]/FP+Mp+''[A] ^ A[\] 

p,q p,q 

and the induced differential by A_i, i.e., 

(Eo,do) = (i[A],A_i). 


To obtain the first page of the spectral sequence we need therefore to com¬ 
pute the cohomology of the complex (^[A], A_.i). 

We define 

and 

Cb:=C[[K^ 0,^+1, s^l}]]. 

On Cj, we denote by dt the de Rham differential 


<i. = ET‘ 

sjsl 


d 

dip,s 


Proposition 11. The cohomology o/A_i is given by 

n 

= C[A] © 01m (di : Ci ^ . 

i=l 


Before we start the proof of this proposition, as a preliminary step, we 
observe that the cohomology of the de Rham complex {Ci,di) is trivial in 
positive degree. 


Lemma 12 (“Poincare lemma”). 

HiCi, di) = C. 


Proof. A simple proof of this fact can be given in terms of an homotopy 
map, a procedure that we will use repeatedly in the following. For fixed 
z = 1,... , re and s ^ 1, let 


hi_c — 


d 




du^ 


where the integration constant is set to zero. We have 


hi^sdi 0 — 1 7Ty^i,s7rns + l 

^ i 

where vr^ denotes the projection that sets the variable p to zero. Given a 
cocycle g G Ci representing a cohomology class [g'], the previous formula 
implies that the same cohomology class can be represented by the cycle 
vr^i.sTTgs+ig. Repeating this process, we can kill all variables re*’^, with 
s ^ 1, hence a cohomology class can be always represented by an element 
in C. Since Imd* always contains 9A^ with s ^ 1, no further simplification 
is possible. □ 
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Proof of Proposition \11\ To prove Proposition [TT] we introduce two homo- 
topy maps. Let cJi be the map that acts on a rational function of A by 
removing the polar part at A = u*. For a polynomial p[\) we have 


f P(A) \ ^ pW-p{u^) 
\ A — u® y A — u® 


Fix i = 1,... , n and s ^ 1 and let 

1 




1 d 


u® - A /® 90^+^ 


/ 


du^ 


Clearly hi^g defines a map on Al[A] which satisfies 


T ^—ihi^s — 1 Pi,s: 


( 8 ) 


where 


ft,. 


j 


As before tt^ denotes the projection that sets the variable p to zero, in 
particular irx-ui sets A to u®. 

In the derivation of formula ([ 8 ]) is useful to notice the following obvious 
identities 




d 


9u®’' 


— 1 T^u^.b, 


d 




= TTfis+l. 


The operator pi^g is homogeneous of standard degree zero, hence it acts 
separately on each .Arf[A], where the infinite sum appearing in its definition 
becomes finite, hence it is well defined. Moreover for s large enough, it acts 
like the identity. We therefore introduce a well-defined operator pj on M[A], 
which is given by the application of all the operators pi^g in a given order, 
i.e., 

pj = ...o o • • - 0 ^ 1 , 2 ) o {Pn,i o • • • opi,i)- 

It is easy to check that the operator pj maps ^[A] to M®®* © C[A], where by 
M®®^ we denote the subspace of A spanned by monomials with non-trivial 
dependence on the variables u®’^, with i = 1 ,..., n, s ^ 1 . 

By formula dH]) when applied to a A_i-cocycle the operator pj produces 
an equivalent cocycle g + g with g € M®®* and g € C[A]. Notice that 5 is a 
cocycle by itself, and can no longer be simplified by quotienting by Im A_i. 

Let us now introduce a second homotopy operator. Let us denote A_i = 
d" — Xd' and define, for s,t ^ 1 and i A j 


d d 




yi _ yj fifj Q0S+1 g0t+l 
^ J 




du^’^. 


We have 

[hi,g-j,t, d"d'] = 1 — Pi,g-j,t + {■■■)d' + {...)d", 
where we did not specify the last two terms since they vanish when applied 
on elements in Ker d' n Kerd", and 
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Clearly Pi,s;j,t is a well-defined operator on .4[A], which acts like the identity 
for large s or t. As before we define an operator pjj on ^[A] given by the 
application of the such operators in a given order. The operator pjj acts 
like the identity on C[A] and maps to ©jCf*, where = C* fl since 
it obviously removes all monomials that contain any quadratic term of the 
form or for i ^ j, s,t ^ 1. We denote by M the 

subspace of A spanned by such monomials. 

Let us then consider the cocycle g £ .A"'L Since g does not depend on A, 
it is in the kernel of A_i iff d'g = 0 and d"g = 0. Moreover, an element of 
the form d"d' f for / G Al is in the image of A_i and does not depend on A, 
since A_id'/ = d"d'f. By the homotopy formula above it follows that pn 
sends the cocycle g to an equivalent cocycle 9i ^ 

Moreover, since di{C^^) C and A_i = X]j(A — u^)pdi, we have that 
gt G Kerdj, which in turn, because of the vanishing of the cohomology 
H{Ci,di), is equivalent to gi G Imdj C 

To complete the proof we have to show that we cannot further quotient by 
elements in Im A_i without spoiling the form of ^ • gt. Let h{X) G Al[A] such 
that A_i/i(A) = Ylidi with g^ G C”*. Recall that A_i = X^j(A — u'')f''di 
and observe that di sends to zero C[A] and C”*[A] for j A *• Moreover 
di(-M) C jCi. Therefore /i(A) = ^i(^) S C'f^[A\ such that 

fi{\ — u^)dihi{X) = gi- Since gi does not depend on A this clearly implies 
that it has to be zero. We can conclude that the we cannot further simplify 
the cocycle Yli9i- 

Proposition [TT] is proved. 

□ 


We now continue to determine the differential on the first page of the 
spectral sequence. Define the space 


R:=C[A]©0 

i=l 


Im (^di : Ci Ci^ [A] 
(A — ri®) 


(9) 


where, in general, by we denote the quotient of the space of polyno¬ 

mials A[A] by the space of polynomials that vanish at A = vX. 

The inclusion i : B ^ Al[A] is defined as the identity on the first com¬ 
ponent C[A], and, on dj(Cj)[A]/(A — u®), as the standard inclusion after the 
evaluation at A = ix®. Proposition [TT] says that this inclusion i : (R, 0) ^ 
(^[A], A_i) induces an isomorphism on cohomology. The differential on the 
hrst page of the spectral sequence is just the differential induced on this 
cohomology by the next degree term Aq of Dx. More explicitly, we use i to 
embed elements b £ B in Al[A] as cocycles for A_i, and apply Aq. Because 
Dl = 0, we have A_iAo -|- AoA_i = 0, and the result Aoi(6) is another 
cocycle for A_i, however not in the image of i. Therefore, to project down 
to the image of i, we use the homotopies described in the proof of Propo¬ 
sition m Let us denote by p := pn o pj the map on ^[A] defined by the 
composition pj of all the maps pi^s followed by the composition pu of all 
the maps Pi,s-,j,t, defined in the proof of Proposition [TTJ In particular the 
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map p associates with a A_i cocycle in ^[A] the representative in B of the 
corresponding cohomology class. We obviously have p o i = id. Then we 
have: 

Proposition 13. The first page of the spectral sequence associated with the 
filtration FAl[A] is given by the complex 

with Aq = p o Aq o i. 

From the proof of Proposition [11] we can derive some properties of the 
map p, which we collect in the following Corollary. Let us write the space 
.A[A] as the direct sum of three subspaces, i.e., 

.4.[A] = C[A] © ^©iC^*[A]^ © A1[A], 

where, as already mentioned in the proof of Proposition [TTl C”* is the sub¬ 
space of Ci generated by all nontrivial monomials, i.e., monomials that con¬ 
tain at least one generator among for s ^ 1, and jCi is the subspace 

of A generated by all nontrivial mixed monomials, i.e., monomials containing 
at least a pair of generators with different indices i. We further decompose 

Cf[X] = cf © (A - u^)Cf[X]. 

Corollary 14. The map p acts as the identity on C[A] and C"*nKerdj, and 
it sends to zero the spaces (A — u'^)Cf'^[X], i = 1,... ,n, and A4[A]. 

Proof. The projection p on AI[A] is defined as pu o pj, where pi is given by 
the composition of the operators pi^s for s ^ 1 and pn by the composition 
of the operators Pi,s-,j,t for i j, s,t 1. 

It is quite easy to check that p/ = 1 on C[A], since all pi^s act just like the 
identity. 

On Cf*[A] the operator p^. ^ acts like the identity unless i = k. On (A — 
u*)C”*[A] the operator ttx-w is equal to zero, so pi^s = vr^i.^vr^s+i, therefore 

Pj = 0 on (A — u*)Cf*[A]. 

Notice that on the operator pi^s becomes 

PM = 1 - 

while pj^s = 1 for j i, therefore on Cf* n Kerd*, the operator p/ acts like 
the identity. Moreover notice that p 7 -(Ai[A]) C A4[A]. 

Finally it is easy to see that pu acts as the identity on C[A] and Cf*[A], 
and as the zero operator on Ai[A]. The Corollary is proved. □ 

3.4. The second filtration. We are now left with the problem of comput¬ 
ing the second page of the spectral sequence associated with the filtration 
FaI[A], which amounts, as explained in the previous section, to computing 
the cohomology of the operator Aq on the space B. This task is not triv¬ 
ial, so we introduce a filtration on B and consider the associated spectral 
sequence. 
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Let us define a degree deggi on A, and consequently on B, that simply 
counts the number of 0^, i = 1,... ,n. The differential Aq splits in three 
homogeneous components 

^0 = ^ 0,1 + ^ 0,0 + ^ 0,-1 

where deg^ii Aq^a: = k. It is clear from their dehnition that the maps i and 
p preserve the degree deg^i, hence the homogeneous components of Aq are 
simply given by A^, =po Aq^a: o L 

Let us now introduce on B the decreasing filtration FB associated with 
the degree deg^i — deg^, i.e., let F'^B be given by elements of B with homo¬ 
geneous components in deg^ii — deg^) of degree less or equal —r, 

... C F^B C F^B C F^B = B. 

This hltration is preserved by Ag, hence this turns {B, Aq) into a filtered 
complex to which we associate a spectral sequence {E'f., d'^). The zeroth page 
is given by B with induced differential given by Ag i.e., 

Our aim is to compute the hrst page i.e., the cohomology of Aq ^ on B. 
Let us first compute the explicit expression of the differential. 


Lemma 15. The differential Ag ^ on B is given by 

Ag^i =po Ao,i o i 


where 


Ao,i= + 


du^ 




•s + 2 j j d 

Oh 


S^l 
1 




9 + 


s^l 


_d 
d9? 




J Qyr,s 


- i(-A + u‘)dife]e<>-E + Wf{>- 


d 


s^O 


s _ 


"dOf 


.J2{-X + u^)f^{s + l)e]d: 


s^O 
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Proof. Let us first collect the terms in Aq that increase the degree deggi. 
We get: 


Ao,i = (-A + u')ra 


lA 

9m* 


S>1 S>1 


9m* 



s^l 



+ ^Y^{-X + u^)sr^u^’^9]- 

^ s^l •* 


9 

9m*’^ 

9 

9m*’® 


^ s^O 


9 


-A + u^)d,f{ep] + se]e^^)— + - A 


s^O 


9 

90| 


+ + *)(«" 


s^O 


S£)l 

j 





9 

90® 


Since A_i has deggi equal to zero, the equation AoA_i+A_iAo = 0 implies 
in particular that 

+ A_iAo,i = 0. 

Since the map i maps to the kernel of A_i, it follows from the previous 
equation that Ao,i o i also maps to the kernel of A_i. 

Keeping in mind the properties of the map p outlined in Corollary 1141 let 
us now determine which of the terms in the formula for Ao,i above, applied 
to an element in the image of i, are mapped to zero when composing with 


p. 

The second, fourth and sixth terms are of the form 


EG" (A 


M M- 




9 

9Mb® 


for Cl^ € C. When evaluated on the image of ([9]) through i, such operator 
clearly gives 0 on C[A]. An element of di{Ci) is mapped, for i ^ j, to A4[A], 
which in turn is mapped to zero by p. Finally, for i = j, such element is 
mapped again to an element in Cj, which however vanishes for A = m*, hence 
is mapped to zero by p. Hence these terms do not contribute to Aq ^. 

The eighth term vanishes identically for s = 1 and for s ^ 2 either maps 
Ci to A4[A], in which case applying p gives zero, or maps Ci to Cj so that 
setting A = uj yields zero. Therefore only the s = 0 term contributes. 

In the tenth term, observe that the operator (—A + m-^)0|, s ^ 2 acting on 
Cj gives zero when composing with p. Collecting all the remaining terms, 
we obtain the expression stated in the Lemma. □ 
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3.5. The third filtration. We have arrived at the problem of computing 
the cohomology of the complex {B, Aq ^). In this Section first we show that 
we can compute such cohomology on each of the n + 1 summands in Q 
independently, and then we introduce our final filtration to estimate the 
possible non-vanishing {p, (i)-degrees in the cohomology of Aq 
L et us start with the following observation: 


Lemma 16. The operator Aq ^ preserves the splitting ([9]) of the cohomology 
B o/A_i m re -|- 1 summands, namely 


A'o,i 


cC[A], 


^ 0,1 

for i = 1,..., re. 


lm[di : Ci ^ Ci) [A] \ Im (d, : C, Cj) [A] 


(re* — A) 


(re* — A) 


Proof. Acting on .4.[A], one explicitly checks that each term of the operator 
Ao,i as stated in Lemma [15] preserves the subspaces C[A] as well as Cf*[A]. 
Since p is the identity on C[A], it is preserved by Aq too. 

As noticed before, we have that Ao,iA_i -|- A_iAo,i = 0. Since A_i = 
/*(—A -I- u^)di on C**^, we get that Ao,i sends C*** n Kerdj = di(Cj) to itself. 
Finally p acts like the identity on such space, which is therefore preserved 
by A(, 1 . □ 

This Lemma implies that we can compute the cohomology of Aq ^ on each 
of these re + 1 spaces separately. Let us start from C[A]. 

Lemma 17. The cohomology of the complex (C[A],Aq^) vanishes if the bi¬ 
degrees {p, d) are not in the range 

d = 0,...,re, p = d,... ,d + n. 

Proof. The possible (p, d)-degrees of the elements of C[A] are those of mono¬ 
mials 1 ^ < • • • < ifc ^ re, 1 ^ ji < • • • < ^ re. So, 

for the standard gradation d we have 0 ^ d ^ re, and, if we fix d, then for 
the super gradation p we have d ^ p ^ d + n. □ 


Note that this Lemma gives Case 1 in the statement of Remark jB] 

Now we want to estimate the cohomology of Aq ^ in each of the spaces 

Im ^dj ; Ci —)• [A]/(re* — A), i = 1,..., re. For the rest of this Section the 

index i is fixed and refers to the particular space that we consider. 

Obviously, the map that sets A to re* defines an isomorphism be¬ 
tween Im ^dj : Ci —)• Ci^ [X\/{u^ — A) and Im ^dj : Ci —)• . Let us denote by 

Aq I the operator induced by Aq ^ on di{Ci) by such isomorphism and let us 
represent it in the following way: 

n 

k=l 
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where 


Vu.-{u -u)f -u)f 

j=l 3 




k^k,s_ 


d 1 


S>1 


2 




k i\ xk 7.S 

" - 


■dkf\.i.s 9 


j=i 

n 


p dv^’- 


+1E - '■)oi-L - 5 ^ +1)"’ ® 

k s^2 j=l •' 


s^2 




3 k 


J = 1 


1 

~ 2 

In particular 


±(,/ - Jcr P Eo*' - Jo ■ 

•I J "k 


J = 1 


* Z—/ 9 ■' f)'ii'i,s / ^ 9 ■’ 


s^l 


s^2 


IQS _ 

2 •' *50? 


( 10 ) 


2* 500 2 ^ 500 ■ 


As a first step towards the computation of the cohomology of Aq ^ on the 

space Bi := dj(Cj), we introduce the decreasing filtration FBi associated 
with the degree deggi — deg^, in the same way as we did for the filtration 

FB before. In this case deggi is the degree that counts the number of 
Oj for fixed i. Denote by {E'l,d'fi) the associated spectral sequence. Since 
deggi Pfc = 0, the zeroth page is given by Bi with the differential induced 
by e}Vi, i.e., 

{Eldl) = {B,,elVfi. 

We now proceed to find the hrst page of the spectral sequence by computing 
the cohomology of this complex. We will find restrictions on the possible 
{p, d)-degrees at which the cohomology can be non-trivial, which will be 
sufficient to complete the proof of our vanishing Theorem 01 

Proposition 18. The cohomology of the differential O^Vi on the space Bi = 
dfiCi) vanishes, 

i/P(i3i,0ip) =0, 

unless d = 2,3, ...,n + 2, p = d,d + l,...,d + n — 1. 

Proof. In order to compute the cohomology of OjVi on Im : C, —)• , we 
represent this space as a direct sum of subcomplexes indexed by some aux¬ 
iliary gradation. That is, we consider all possible non-constant polynomials 
in and Of^, and we represent this space as a direct sum 

C[P^j0f ] = 0 Mfi, 

uiG^Z 
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where C is the subspace of weighted homogeneous poly¬ 

nomials of the weight w, where the weight w is defined on generators as 
= {s + 2)/2, s = 1,2,..., and w{9f) = (s — l)/2, s = 2, 3,... . 

Lemma 19. There is an isomorphism 

0 c-UmT). 

where each of the summands is preserved by the differential 9jT>i. Therefore 
the cochain complex {Bi,0j'Di) decomposes into a direct sum of subcomplexes 
indexed by all possible w G ^Z. 

Proof. A short computation shows that 

[Vi,di] = -f%. 

Consider an element m G Mf. It follows from the identity above that 
elVi{cU^)) C {9}Vi{C)) ■ di{xn)+C • 9]Vi{U^)) 

= {9}V,{C)) ■ d,(m) + C • 9]UV, - r)(m). 

We see from equation (fTOl) that 9l'Di{C) C C and that {Vi — /*) acts on m 
by multiplication by a scalar and by /*. This shows that 9jVi preserves the 
subspace C ■ di{xn), and, therefore, the space C ■ di{Mf) for any w G ^Z. □ 

Because of this Lemma, we can consider an infinite direct sum of com¬ 
plexes, each of which is a finite dimensional module over C. Note that 
di{Mf) is equal to 0 for rc < 3/2, so we assume that w ^ 3/2 in the rest of 
the proof. 

Let us discuss the action of 9\Vi. Observe that this operator is linear over 
the ring of functions in u^,... ,u^ and j 7^ i. So, we omit the coefficients 
from this ring in the computations below, assuming that there can be an 
arbitrary coefficient that would be preserved. 

Note that the eigenvalue of the operator 

s -|- 2 j ^ d s — 1 ^ d 

^ 2 “ ’ 5^ ^ ^ 2 ^ 

s^l s^2 * 

on di{Mf^) is equal to w—1. Then the eigenvalue of Vi on di{Mf) is P{w—1). 
Observe that tc — 1 is always a positive half-integer, and the minimal value 
of u; — 1 is equal to 1/2 for tc = 3/2 and in this case di{M^^‘^) = {9f). 

Consider monomials 6*j^ ■ 9^-^ such that 1 ^ ji < ... < ji ^ n, and jk 7^ i 

for all k = 1,... ,1. Let m G Mf. We have that 

0/A: 00 ■ ■ ■ 00 (/.(m) ^ nw - l)9l9l ■ ■ ■ 00 d/(m). 

So, since tc — 1 7^ 0, we see that the subspace of C ■ di{Mf) spanned by the 
elements 9^-^ - ■ ■ 9j^di{m) and 0/0O^ ■ ■ ■ 9j^di{m) forms an acyclic subcomplex 
olC-di{Mf). 

Now we consider monomials 0/00^ ''' that 1 ^ ji < ■ ■ ■ < je ^ n, 

and jfc 7^ z for all A; = 1,..., Let m G Mf. Modulo the acyclic subcomplex 
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that we introduced in the previous paragraph, we have that 

ejv ,: ■ ■ ■ eld,im) ^r(w- 0 eje^el ■ ■ ■ 0° J,(m). 

Note that tc —3/2 is equal to zero only if tc = 3/2, and, therefore, di{m) ^ Of. 
Thus, if re > 3/2, the quotient of C ■ di{Mf’) modulo an acyclic subcomplex 
is an acyclic subcomplex, and so C ■ di{Mf ) is acyclic. 

The only possible case when we can have non-trivial cohomology is the 
case of re = 3/2, that is, the case of the complex C ■ Of. In this case, after 
taking the quotient modulo the acyclic subcomplex, the cohomology of OfTii 
is represented by a product of Of Of by an arbitrary function in v},... ,rt”, 
of,... ,0f {of is omitted), and 0\,... ,0\. This means that we have non¬ 
trivial cohomology only for gradation d = 2, 3,... , 2 + n, and once we fixed 
d, the possible values of gradation p are d, d + l,...,d + n—1. This proves 
the Proposition. □ 

Proof of Theorem Recall from Remark El that we have to prove the van¬ 
ishing of the bihamiltonian cohomology, except for the two cases 1 and 2 
specified in that remark. The computations in this subsection show that the 
cohomology of Aq^ vanishes, unless d = 0,1,... , re; p = d, d -|- 1,..., d -|- n 
(Case 1, coming from the sub-complex C[A]), or d = 2, 3,... , re -|- 2, p = 
d,d-|-l,...,d-|-re — 1 (Case 2, coming from the sub-complex di{C)). Going 
back via the second to the first spectral sequence, we conclude the van¬ 
ishing of the cohomology groups of the complex (AI[A],T)a) in the same 
(p, d)-degrees: this is exactly the statement of Theorem [H □ 
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